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The conventional transport of particles in the on-shell quasiparticle limit is ex-
tended to particles of nite life time by means of a spectral function A(X, ~P ,M2)
for a particle moving in an area of complex self-energy X = ReX− iΓX . Starting
from the Kadano-Baym equations we derive in rst order gradient expansion equa-
tions of motion for testparticles with respect to their time evolution in ~X, ~P and M2
which conserve the single-particle energy locally in time. The o-shell propagation
is demonstrated for a couple of model cases that simulate hadron-nucleus collisions.
In case of nucleus-nucleus collisions the imaginary part of the hadron self-energy
ΓX is determined by the local space-time dependent collision rate dynamically. A
rst application is presented for A+A reactions up to 95 A MeV, where the eects
from the o-shell propagation of nucleons are discussed with respect to high energy
proton spectra, high energy photon production as well as kaon yields in comparison
to the available data from GANIL.
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1 Introduction
The many-body theory of strongly interacting particles out of equilibrium is a challeng-
ing problem since a couple of decades. Many approaches based on the Martin-Schwinger
hierarchy of Green functions [1] have been formulated [2, 3, 4, 5, 6, 7, 8] and applied
to a couple of model cases. Nowadays, the dynamical description of strongly interacting
systems out of equilibrium is dominantly based on transport theories and ecient numer-
ical recipies have been set up for the solution of the coupled channel transport equations
[9, 10, 11, 12, 13, 14, 15] (and Refs. therein). These transport approaches have been
derived either from the Kadano-Baym equations [16] in Refs. [17, 18, 19, 20, 21] or from
the hierarchy of connected equal-time Green functions [2, 22] in Refs. [4, 5, 12, 23] by
applying a Wigner transformation and restricting to rst order in the derivatives of the
phase-space variables (X; P ).
However, as recognized early in these derivations [4, 19], the on-shell quasiparticle
limit, that invoked additionally a reduction of the 8N -dimensional phase-space to 7N
independent degrees of freedom, where N denotes the number of particles in the system,
should not be adequate for particles of short life time and/or high collision rates. There-
fore, transport formulations for quasiparticles with dynamical spectral functions have been
presented in the past [20, 24] providing a formal basis for an extension of the presently
applied transport models denoted by BUU/VUU [10, 11, 25, 26, 27], QMD [28, 29, 30],
LV [31] or its relativistic versions RBUU [32, 33, 34], RQMD [35], UrQMD [14], ART [36],
ARC [37] or HSD [15, 38]. Another branch of extensions has been developed to include
stochastic fluctuations in the collision terms [39, 40, 41, 42]; these models will be denoted
as Boltzmann-Langevin (BL) approaches inspite of the dierent numerical approxima-
tion schemes. Apart from the transport extensions mentioned above there is a further
branch discussing the eects from nonlocal collisions terms [43, 44, 45, 46, 47, 48]. In this
work, however, we will restrict to local collision terms (for simplicity) and concentrate on
the propagation of dynamical spectral functions. Recipies to include nonlocal eects in
collision terms can be simulated in line with Ref. [48].
So far the extension of transport theory to dynamical spectral functions is limited to
the formal level and only a few attempts have been made to approximately include the
dynamics of broad resonances [49, 50]. In the nuclear physics context this is of particular
importance for dilepton studies in γ; ; p + A reactions as well as nucleus-nucleus collisions
since the vector mesons  and ! are expected to change their properties, i.e. their pole
mass and width, during the propagation through the nuclear medium [51, 52, 53, 54].
Apart from e+e− in-medium spectroscopy the broadening of the hadron spectral functions
in the medium should also have some influence on ’subthreshold’ meson production; here
again the question is if an enhanced yield might be due to a downward shift of the
meson pole mass or simply due to the broadening of its spectral function. Up to now no
consistent treatment of both, i.e. the real and imaginary parts of the hadron self-energies,
is available. In this work we particularly address this question and develop a semiclassical
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transport approach for space-time dependent complex self-energies.
The paper is organized as follows: In Section 2 we will derive the generalized trans-
port equations on the basis of the Kadano-Baym equations [16] following in part the
formulation of Henning [20]. Special emphasis will be put on the dierence to the con-
ventional approaches and to the derivation for an energy conserving semiclassical limit.
In Section 3 the resulting set of equations of motion is solved for the case of a complex
time-dependent Woods-Saxon potential which allows to transparently demonstrate the
particle propagation in the 8-dimensional phase space of a testparticle. A rst applica-
tion to nucleus-nucleus collisions is presented in Section 4 for energies up to 95 A MeV
showing in detail the influence of nucleon o-shell propagation on the high energy proton
spectra and production of high energy γ-rays. The calculational results here are controlled
by experimental data from GANIL [55, 56]. We, furthermore, calculate upper limits for
kaon production in Ar + Ta reactions at 92 A MeV and compare to the experiment from
Ref. [57]. A summary and discussion of open problems concludes this study in Section 5.
2 Derivation of semiclassical transport equations for
particles with dynamical life times
In this Section we briefly recall the basic equations for Green functions and particle self-
energies as well as their symmetry properties [20] that will be exploited in the derivation
of transport equations in the semiclassical limit.
2.1 Properties of spectral functions
Within the framework of the closed-time-path formalism [1, 16, 58] Green functions S and
self-energies  are given as path ordered quantities. They are dened on the time contour
consisting of two branches from (1) −1 to 1 and (2) from 1 to −1. For convenience
these propagators and self-energies are transformed into a 2  2 matrix representation
according to their path structure [6], i.e. according to the time branches (1) or (2) for t
and t0. The basic equation for the full one-body Green function S is the Dyson-Schwinger-
equation
S = S0 + S0   S ; (1)
where S0 corresponds to the ’free’ Green function and  denotes the corresponding self-
energy. To write it in compact form we have introduced a general product ’’ by




dy F ij1;xy F
jk
2;yz (2)
that includes a matrix multiplication (denoted by the sum over the upper indices) as
well as an integration over all intermediate coordinates indicated by the lower indices. In
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the following we consider for simplicity a theory for scalar bosons. The modications for
relativistic Fermions or nonrelativistic particles will be presented in connection with the
nal equations.
For bosonic eld quanta of (bare) mass M0 the Klein-Gordon-operator reads
DKG = − S^−10 = @x@x + M20 (3)
and the Klein-Gordon equation is solved by the free propagator as











One should keep in mind that the action of the Klein-Gordon-operator on the o-diagonal
matrix elements of the free propagator (i.e. S120 and S
21
0 ) gives zero. Since we are pri-
marly interested in the spectral properties of our theory we reformulate the basic equa-
tions in terms of retarded and advanced Green functions and self-energies. The full
retarded/advanced Green functions and self-energies are dened by
Sret = S11 − S12 = S21 − S22 ; Sadv = S11 − S21 = S12 − S22 (5)
and
ret = 11 + 12 = −21 − 22 ; adv = 11 + 21 = −12 − 22 : (6)
By insertion of (5) and (6) into the original matrix equations we end up with the Dyson-
Schwinger-equations for the retarded and advanced quantities:
S^−10 S
ret;adv
xy = xy + 
ret;adv
xz  Sret;advzy : (7)
These equations again contain convolution integrals as a direct consequence of the repre-
sentation in coordinate space.
In view of a transport formulation we perform a Fourier-transformation of the space-
time relative coordinate u = x − y into four-momentum space. All quantities are then
given in the Wigner-representation as a function of the momentum P and the center-of-












F1;xz  F2;zy = e−i3 ~F1;PX ~F2;PX ; (9)
where the operator 3 (acting on two arbitrary functions F1 and F2) is dened by



















By formally rewriting the convolution integrals as an innite sum of dierential operators
we get rid of the integrations and can transparently introduce appropriate approximation
schemes. The Klein-Gordon dierential operator, e.g., is given in Wigner-representation
by






and eq. (4) transforms to
~S−10 ~S
ret;adv
0;XP = 1 : (12)








For the further analytical reformulation we separate the Green function as well as the
self-energy into its real and its imaginary part [20] (and suppress the ’~ ’ for all quantities
in Wigner-representation):
Sret;advXP = GXP  i AXP ; (14)
ret;advXP = ReXP  i ΓXP : (15)
We then can identify AXP (except for a factor of ) with the spectral function of the







Due to the symmetries of retarded and advanced quantities
Re fSretXPg = Re fSadvXPg; (17)
Im fSretXPg = − Im fSadvXPg (18)
the spectral function AXP is nothing but the imaginary part of the full advanced Green
function. By insertion of these seperations in eq. (13) we obtain






@X ) (GXP  i AXP )
= 1 + e−i3 [ReXP GXP − ΓXP AXP ]
+ i e−i3 [  ReXP AXP  ΓXP GXP ] : (19)
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Addition and subtraction of both equations (for ) gives







= 1 + e−i3 [ ReXP GXP − ΓXP AXP ] (20)
and







= e−i3 [ ReXP AXP + ΓXP GXP ] : (21)
Since e−i3 = cos3 − i sin3 one can easily separate the real and the imaginary parts of
these equations and arrives at





 ) GXP = 1 + cos3 [ReXP GXP − ΓXP AXP ] ; (22)
(−P @X ) GXP = sin3 [ReXP GXP − ΓXP AXP ] ; (23)





 ) AXP = cos3 [ ReXP AXP + ΓXP GXP ] ; (24)
(−P @X ) AXP = sin3 [ReXP AXP + ΓXP GXP ] : (25)
Up to now the equations (22 - 25) are still exact relations. In order to arrive at a
semiclassical transport approach we furtheron consider only contributions up to rst order
in the gradient expansion.
By neglecting all contributions from second and higher orders in the derivatives @X it
is implicitly assumed that the dependence on the mean space-time coordinates is rather
weak. Equations (22) and (24) then reduce to
( P 2 − M20 − ReXP ) GXP = 1 − ΓXP AXP ; (26)
( P 2 − M20 − ReXP ) AXP = ΓXP GXP : (27)
Allthough these equations seem to be of zeroth order in the gradients one has to emphasize
that they are valid up to rst order due to the cos-functions in eqs. (22) and (24) which
contain no contributions of odd order. We thus end up with two algebraic equations for
the real and the imaginary part of the retarded Green function. From (27) we obtain
a relation between the real part and the imaginary part of the propagator (provided
ΓXP > 0):
GXP =




Furthermore, eliminating GXP from eqs. (26) and (27) we nd the following expression for
the spectral function (which is valid for bosons up to rst order of the gradient expansion),
AXP =
ΓXP
( P 2 − M20 − ReXP )2 + Γ2XP
; (29)
or by eliminating AXP we get
GXP =
P 2 − M20 − ReXP
( P 2 − M20 − ReXP )2 + Γ2XP
: (30)
2.2 Transport equations
In this subsection we derive the transport equations that will be used in our model to
describe the propagation of particles with a space-time dependent nite life time. For this
aim we start with the Kadano-Baym-equation for the o-diagonal element of the Green





xz  S<zy + <xz  Sadvzy : (31)
After transformation to the Wigner-representation and considering all terms of the gra-
dient expansion up to the rst order the Kadano-Baym-equation becomes
AXP (−i3) fP 2 − M20 − ReXP + i ΓXP g fNXP g
= −NXP (1− i3) fΓXP g fGXP + i AXP g
+ (1− i3) fNΣXP ΓXP g fGXP + i AXP g : (32)
Besides the decomposition of the full propagator (14) and the self-energy (15) we have
introduced a generalized phase-space distribution function NXP via a decomposition of
the o-diagonal element of the Green function as
S<XP = i NXP AXP ; S
>
XP = i ( 1 + NXP ) AXP : (33)
Furthermore a ’pseudo-equilibrium’ distribution function NΣXP has been introduced via a
decomposition of the o-diagonal element of the self-energy,
<XP = i N
Σ
XP ΓXP ; 
>
XP = i ( 1 + N
Σ
XP ) ΓXP : (34)
Since all quantities in the general transport equation (32), that stem from Green functions
or self-energies, are real it is easy to seperate the real part and the imaginary part.
Considering only the imaginary part of eq. (32) leads us to
AXP 3 fP 2 − M20 − ReXP g fNXP g + ΓXP 3 fGXP g fNΣXP g
= (NXP − NΣXP ) ΓXP AXP + (NXP − NΣXP )3 fGXP g fΓXP g ; (35)
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where we have simplied all poisson brackets with respect to their bilinearity. (35) is a
transport equation since the 3 operator acting on the free propagator generates a typical
’driving-term’. The real part of (32) gives a generalized mass-shell constraint:
(NXP − NΣXP ) [ P 2 − M20 − ReXP ) ] AXP + AXP 3 fΓXP g fNXP g
+ (NXP − NΣXP )3 fΓXP g fAXP g + ΓXP 3 fAXP g fNΣXP g = 0 ; (36)
where we have expressed the real part of the propagator by its imaginary part using
relation (28).
In both equations (35),(36) we nd contributions / (NXP − NΣXP ). To elucidate the
meaning of these we rewrite them as






= i [ ( NXP + 1 ) 
<
XP − NXP >XP ] (37)
and recognize that they generate a collision term with the typical gain and loss structure,
which vanishes in equilibrium.
In order to study only the streaming behavior of particles one has to consider a theory
with vanishing collision term, i.e. the case of local thermodynamical equilibrium. We nd
from (36) the following constraint for collisionless streaming:
AXP 3 fΓXP g fNXP g + ΓXP 3 fAXP g fNXP g = 0 ; (38)
or in a more compact form:
3 fΓXP AXP g fNXP g = 0 : (39)


















NXP = 0 : (40)
In the following we will assume (for transparency and simplicity) that the real as well
as the imaginary part of the self-energy do not depend on the four-momentum P , i.e.
ReXP = 
r

























) −2 Γ2X ( P 2 − M20 − rX)





−4 Γ2X ( P 2 − M20 − rX)
[ ( P 2 − M20 − rX)2 + Γ2X ]2
@
@X
NXP = 0 : (41)
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Multiplying this expression by
[ ( P 2 − M20 − rX )2 + Γ2X ]2
4 Γ2X ( P




























NXP = 0 : (43)
Now we introduce a ’virtual mass parameter’ M2 that is determined by the four-momentum
of the particles and incorporates also mass-shifts generated by the real part of the self-
energy as
M2 = P 2 − rX : (44)
Taking M2 as independent variable this xes the energy (for given ~P and M2) to
P 20 =
~P 2 + M2 + rX : (45)
When seperating explicitly the spatial and the time derivatives we obtain (for a real part



























~rP NXP + P0 @
@t
NXP + ~P  ~rX NXP = 0 : (46)
Finally we substitute the energy variable P0, which is xed by (45) for given M
2, by the
’virtual mass parameter’ to gain the evolution of the phase-space distribution in M2. We


























NX ~PM2 = 0 : (47)







(3)( ~X − ~Xi(t) ) (3)( ~P − ~Pi(t) ) ( M2 − M2i (t) ) : (48)
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An explicit calculation shows that this ansatz is a solution of (47) if the testparticles (i.e.
the testparticle coordinates ~Xi(t); ~Pi(t); M
2






















@t ΓX : (51)
This can also be seen by direct comparison of equation (47) with the total derivative of
the phase-space distribution NX ~PM2 ,@t + @ ~X
@t
 ~rX + @
~P
@t





 NX ~PM2 = 0 : (52)
For ΓX = 0 we obtain directly the equations of motion in the quasiparticle approximation
which assumes innitely long living quasiparticles states with an eective mass squared
M20 + 
r
X and a spectral function proportional to a -function. This limit has been
traditionally employed in transport theories [11, 25, 28, 32] allthough its applicability
should be limited to long living states and low collision rates, respectively. We note
that the quasiparticle approximation is known to be a self-consistent energy conserving
approximation. Furthermore, the conventional quasiparticle approximation also holds for
particles of nite life time if @t ΓX = ~rΓX = 0, i.e. in the low density regime with almost
vanishing collision rate Γcoll (see below).
Eqs. (49) - (51) fulll energy conservation on the single-particle level if
~P
P0
 ~rXΓX − @t ΓX = 0 ; (53)
i.e. @M2=@t = −2 ~P @ ~P=@t (with respect to the additional terms involving ΓX). Relation
(53) might be violated locally in time due to the uncertainty relation P0 t  1=2. In
view of a semiclassical treatment, that requires the energy P0 to be xed at every time
t due to the locality of such transport theories in space and time, we explicitly restore































which gives P0(x) = P0 = const. using eq. (45).
The corresponding equations of motions for nonrelativistic particles are obtained by
identifying
ReX − i ΓX  2P0 ( UX − i WX ); (57)
where UX + i WX denotes a nonrelativistic complex potential. In case of relativistic
fermions with (bare) mass m0 we have
ReX  −V 20 + ~V 2 + 2P0 V0 − 2~P  ~V + 2m0 US + U2S ; (58)
where V = (V0; ~V ) and US denote the real part of the vector and scalar self-energy [59],
respectively. Here we have neglected pseudo-scalar, pseudo-vector and tensor contribu-
tions in the Gordon decomposition of the self-energy, which either vanish identically or
remain small in the nuclear physics context. A similar decomposition holds for ΓX , i.e.
ΓX  −W 20 + ~W 2 + 2P0 W0 − 2~P  ~W + 2m0 WS + W 2S (59)
for the vector part (W) and scalar part (WS) of the imaginary self-energy.
In the following Section we will assume the many-body system to be in local ther-
modynamical equilibrium, i.e. any collision term to vanish identically, and study the
propagation of testparticles according to eqs. (54) - (56) in a time-dependent complex
mean eld.
3 Model studies
For our present purpose to demonstrate the physical implications of eqs. (54) - (56) we
consider the propagation of particles in a time-dependent complex potential of Woods-
Saxon form, i.e.
ReX − i ΓX = 2P0
{
V0
1 + expf(j~rj − R)=a0g − i
(
W0(t)





where we have used R = 5 fm, a0 = 0:6 fm throughout the model studies. Eqs. (54) -
(56) allow to represent the distribution function in terms of the quasiparticle distribution
(48) where ~ri(t); ~Pi(t) and M
2
i (t) are the corresponding solutions of eqs. (54) - (56). We
initialize all testparticles i with a xed energy P0 at some distance (j~r(t = 0)j  −15 fm)
on the z-axis with a three-momentum vector in positive z-direction. The mass parameters





(M − M0)2 + Γ2V =4
; (61)
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where ΓV denotes the vacuum width which might be arbitrarily small but nite (see
below). The particles are then propagated in time according to eqs. (54) - (56) and all
one-body quantities can be evaluated from (48).
In Fig. 1 (upper part) the results for Pi0(z(t)), Mi(z(t)) and Piz(z(t)) are diplayed as a
function of z(t) instead of the time t. We show the behavior of 21 testparticles with mass
parameters that are initially seperated by M = 0:05  ΓV in the case of a nonvanishing
imaginary part of the potential (W0(t) = W0 = 70 MeV, ΓV = 0:8 MeV) but vanishing
real part of the potential (V0 = 0 MeV) (see Fig. 1 (lower part)). One recognizes that
the dierences between the mass parameters increase when reaching the potential region,
which corresponds directly to a broadening of the spectral function. The same spreading
behavior is observed for the three-momentum of the testparticles, such that the energy P0
is conserved throughout the whole calculation (upper line). When leaving the potential
region the splitting decreases and the correct asymptotic solution is restored.
At next we present in Fig. 2 (upper part) a calculation where we additionally allow
for a nonvanishing real part of the potential (i.e. V0 = −20 MeV, Fig. 2 (lower part)).
While the spreading of the mass parameter is not aected by this change, we nd a shift
of the testparticle momenta where the real part of the potential deviates from zero since
here the particles are accelerated.
While we up to now have only considered constant potentials in time, we now introduce
an explicit time dependence corresponding to W0(t) = 100 MeV (1 − 0:02 c=fmt). As a
result the spatial reflection symmetry vanishes for Piz(z(t)) and Mi(z(t)) (cf. Fig. 3).
For the given time dependence the mass splitting is smaller for given z compared to a
time-independent potential. As in the former cases here also the correct free solution is
obtained for large z while the energy is strictly conserved, too.
In the next example of this model study we show in Fig. 4 (upper part) the case of
a broad vacuum spectral function entering a (time-independent) nonrelativistic potential
with V0 = −20 MeV and W0(t) = W0 = 100 MeV. The vacuum width is chosen as
ΓV = 160 MeV, while 11 testparticle trajectories are shown with an initial separation of
the masses M = 0:05 ΓV . One observes that the spectral function is further broadened
in the complex potential zone and reaches its inital dispersion in mass again after passing
the diractive and absorptive area.
The question remains if the testparticle distribution (48) reproduces the local splitting
in mass as expected due to quantum mechanics, i.e. in our case a Breit-Wigner distribution
(61) with a local width ΓX = 2 W0(z) + ΓV . This is demonstrated in Fig. 5 where we
show the spectral function as a function of mass M from the testparticle evolution at xed
coordinate z in comparison to the quantum Breit-Wigner distribution with local width
ΓX (full lines) for a pure imaginary potential with parameters W0 = 50 MeV and vacuum
width ΓV = 2 MeV. The dierences from the exact results in Fig. 5 are practically not
visible for all values of z from - 8 fm to 8 fm. The width of the distribution increases
from 2 MeV in the vacuum (z =  8 fm) to 102 MeV (= 2 W0+ ΓV ) in the center of the
absorptive potential (z = 0). Thus our o-shell quasiparticle propagation is fully in line
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with the quantum mechanical result at least for quasi-stationary quantum states.
To summarize our model results for the simple complex potential of Woods-Saxon-
type, we nd that energy conservation is guaranteed during the propagation as well as
that the correct asymptotic solutions for the spectral functions are restored. Furthermore,
in the potential region we observe a broadening of the width of the spectral function due to
the space-time dependent imaginary part of the potential in line with quantum mechanics.
4 Application to nucleus-nucleus collisions
Apart from the model studies performed in the previous Section it is of interest, if the ’o-
mass-shell approach’ proposed here leads to observable consequences in actual experiments
such as for nucleus-nucleus collisions. This implies to extend the transport approach
(47) to include an explicit collision term of more general form than the linear relaxation
expression in eq. (35). A corresponding extension can be formulated in full analogy to
Ref. [4, 11] for fermions using detailed balance as
Icoll(X; ~P ; M
2) = Tr2
∫
d3p3 fjT ((~P; M2) + (~P2; M22 ) ! (~P3; M23 ) + (~P4; M24 ))j2A (62)
(~P + ~P2− ~P3− ~P4) (+2−3−4)[NX ~P3M23NX ~P4M24 fX ~P fX ~P2−NX ~PM2NX ~P2M22 fX ~P3 fX ~P4 ]g
with


















where 2; 2 denote the spin and isospin of particle 2. Furthermore, in eq. (62) T is the
scattering amplitude for the process 1 + 2 ! 3 + 4 while the index A denotes antisym-
metrization. We note that in (62) we have neglected gradient terms of rst order which
lead to nonlocal collision terms [43, 44, 46, 47, 48]. Their eect can additionally be taken
into account following the suggestions of Ref. [48], but are discarded here for simplicity
and transparency.
Neglecting the ’gain-term’ in eq. (62) one recognizes that the collisional width of the
fermion is given by
Γcoll(X; ~P ; M
2) = Tr2
∫
d3p3 fjT ((~P; M2) + (~P2; M22 ) ! (~P3; M23 ) + (~P4; M24 ))j2A (65)
(~P + ~P2 − ~P3 − ~P4) ( + 2 − 3 − 4) NX ~P2M22 fX ~P3 fX ~P4g;
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where as in eq. (62) local on-shell scattering processes are assumed. We note that the
extension of eq.(62) to inelastic scattering processes (e.g. NN ! N) or to bosonic
degrees of freedom is straightforward and thus not presented here explicitly.
For particles of innite life time in vacuum { such as protons { the collisional width
(65) has to be identied with twice the imaginary part of the self-energy that determines
the spectral function (61). Thus the transport approach determines the particle spectral
function dynamically via (65).
4.1 Numerical realisation
The following dynamical calculations are based on the conventional HSD transport ap-
proach [15, 38], where for energies up to 100 A MeV (GANIL energies) essentially the
nucleon degrees of freedom are important, since inelastic processes NN ! N !
N; N !  are suppressed. We only briefly mention that the formation cross sec-
tion in the reaction NN ! N is evaluated with the total -width Γtot∆ = ΓN∆ + Γcoll∆
[49] and that in the decay channel  ! N the nal nucleon state is selected by Monte
Carlo using the local spectral distribution (61).
Whereas the real part of the nucleon self-energy rX is determined as in Ref. [15] or in
Ref. [11], respectively, we have to describe the implementation of the o-shell dynamics
induced by ΓXP = Γcoll(X; ~P ; M
2). According to (65) the collisional width is explicitly
momentum (and energy) dependent, which introduces much larger numerical eorts as
for momentum-dependent real potentials. Thus for an exploratory study it is sucient
to consider a space-time dependent collisional width ΓX which is obtained by averaging























NX ~PM2 : (67)
We note, that in order to achieve a numerically ’flat’ function ΓX in space and time,
one has to consider averages over a large set of ensembles typically in the order of 103
testparticles per nucleon. By storing ΓX on a 4-dimensional grid the space-time derivatives
of ΓX , that enter the equations of motion (54) - (56), can be evaluated in rst or second
order. We mention that the gaussian smearing algorithm described in Ref. [11] leads to
suciently stable results (see below).
The collisions of nucleons are described by the closest distance criterion of Kodama et
al. [60] in the individual NN c.m.s., i.e.
j ~X1 − ~X2j 
√
(~P1 − ~P2)= (68)
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using the Cugnon parametrizations [61] for the in-medium NN cross section d=dΩ(
p
s)
and identifying (in the NN c.m.s.)
s− 4m2N = s− 4M2 = 4~P 2; (69)
where mN is the nucleon vacuum mass, M the actual o-shell mass and
p
s the invariant
energy of a nucleon-nucleon collision in the vacuum with c.m.s. momentum ~P .
According to eq. (62) the nucleons may change their virtual mass M in the scattering
process 1 + 2 ! 3 + 4, while keeping the energy and momentum balance, however, our
Monte Carlo simulations showed that this change of virtuality has a minor eect on the
observables to be discussed below. We thus use M1 = M3 and M2 = M4 for the following
calculations.
Apart from the description of particle propagation and rescattering the results of
the transport approach also depend on the initial conditions, ~Xi(0); ~Pi(0); M
2
i (0). In
view of nucleus-nucleus collisions, i.e. two nuclei impinging towards each other with
a laboratory momentum per particle Plab=A, the nuclei can be considered as in their
respective groundstate, which in the semiclassical limit is given by the local Thomas-Fermi
distribution [11]. Additionally the virtual mass M2i has been determined by Monte-Carlo
according to the Breit-Wigner distribution (61) assuming an in-medium width Γ0 = 1
MeV. For the vacuum width of the nucleons we have used ΓV = 1 MeV which implies
that nucleons propagating to the continuum in the nal state of the reaction achieve
their vacuum mass on the 0.1 % level. We note in passing that for the initialization
we additionally have required i < mN which due to energy conservation implies that
particles cannot escape ’numerically’ from the nucleus in the groundstate.
4.2 Nucleus-nucleus collisions at GANIL energies
Our rst applications we devote to nuclear reactions at GANIL (92 - 95 A MeV) since here
the more recent measurements have lead to conflicting results between dierent transport
approaches [62]. We start with the reaction Ar + Ta at 92 A MeV.
In view of Section 3 we present for some randomly chosen testparticles i their o-mass-
shell behaviour M2i (t)−M20 as a function of time in a central collision (b = 1 fm) in Fig. 6.
It is seen that during the maximum overlap of the nuclei at t  30 fm/c the o-shellness
reaches up to 0.2 GeV2, however, in analogy to the model studies in Section 3 the nucleons
become practically on-shell for t  90 fm/c. The nite width at the end of the calculation
presented here is due to the fact that the collisional width Γcoll is still dierent from zero.
The fluctuations in M2i (t)−M20 in time give some idea about the numerical accuracy of
the calculation for the space-time derivative of ΓX ; the functions become smoother when
increasing the number of testparticles/nucleon furtheron ( 1000).
Without explicit representation we note that the proton rapidity spectra dN=dy do
not change within the numerical accuracy when comparing the on-shell propagation limit
with the results from the o-shell transport approach for Ar +Ta at 92 A MeV. There is,
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however, a small enhancement in the proton transverse momentum spectra 1=pt dN=dpt
for the o-shell propagation of nucleons as can be seen in Fig. 7, where the proton pt
spectra are compared at an impact parameter b = 1 fm.
The question remains, if such an enhancement might be seen experimentally or if the
o-shell approach overpredicts the high momentum tail of the spectra. For this purpose
we compare to the proton spectra from Ref. [55] taken at lab = 75
o for kinetic energies
above 175 MeV (Fig. 8). For this comparison we have integrated the proton spectra over
all impact parameter with stepsize b = 1 fm in the angular range 70o  lab  800.
The calculated spectra (open squares in Fig. 8) only extend up to 200 MeV due to
statistics, however, match with the experimental data within the errorbars. A similar
comparison has been performed by Germain et al. [62] where the traditional BUU and
QMD calculations seem to be compatible with the experimental data within the statistics
achieved whereas the Boltzmann Langevin (BL) calculations incorporating fluctuations
in momentum space [42] overestimate the proton spectra by more than three orders of
magnitude [62]. This rules out the latter BL approach but does not imply that our o-
shell transport approach will properly describe the experimental spectra up to Ekin = 350
MeV. In view of Fig. 8 the calculational statistics would have to be increased by more
than 3 orders of magnitude which is unlikely to achieve for our present o-shell approach
within a reasonable time due to the high amount of processor capacity needed. Note that
due to nonlocal eects in the collision term the proton spectra might be slightly hardened
additionally [48].
We thus continue with more qualitative investigations, that allow to extract the physics
more clearly. In Fig. 9 we display the number of baryon-baryon collisions dNBB=d
p
s
as a function of the invariant energy
p
s for Ar + Ta at 92 A MeV integrated over all
impact parameter. The dashed line shows the result for the on-shell transport approach
(starting at 2mN) whereas the solid line corresponds to the o-shell result, which extends
down to
p
s  1.5 GeV. Note that elastic collisions of o-shell nucleons can occur due to
their dynamical virtuality in mass. The dashed line is practically identical to the BUU
calculations from Ref. [62] and is limited to collisions far below the kaon production
threshold of
p
s0  2.54 GeV. Thus the kaon production yield of (2.91:6) 10−9b claimed
in Ref. [57] for this system cannot be described in the on-shell limit, however, also not in





s distribution can approximately be tested experimentally by hard photon
spectra, a question that has been explored by the TAPS collaboration for Ar + Au at 95
A MeV [56, 63]. In order to test our transport approach we have performed calculations
for this system, too, using the parametrisations (4.13) of Ref. [11] for the elementary
dierential photon cross section in proton-neutron (pn) collisions. Note that the elemen-
tary photon bremsstrahlung in pn collisions is at best known within a factor of 2 (cf. the
discussion in Ref. [11]). Fig. 10 displays the results of our bremsstrahlung calculations
in comparison to the data from Ref. [56]. The dashed line corresponds to the conven-
tional on-shell calculation and is practically identical to the BUU analysis performed by
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Holzmann et al. [63], but underestimates the high energy photon yield dramatically. This
situation does not improve very much when including the o-shell propagation of nucleons
for the initial channel (dash-dotted line), however, still requiring that the nucleons in the
nal state are on-shell, too. Denoting o-shell nucleons by an extra  this corresponds to
the individual reactions p + n ! p + n + γ, whereas the dashed line is obtained from
the channel p + n ! p + n + γ.
On the other hand, the energetic photons are produced very early in the collision phase
where the virtual mass distribution of nucleons { determined by ΓX (65) { becomes very
broad. Thus including this virtuality in mass also in the nal state, where the masses
are selected by Monte-Carlo according to (61) with a local width ΓX , we selfconsistently
can sum the individual channels p + n ! p0 + n0 + γ. The result of such calculations
is shown in Fig. 10 by the solid line which comes quite close to the experimental data
[56]. We note that in the latter calculations we have averaged the photon yield over
10 MeV bins to reduce the statistical fluctuations emerging from the Monte-Carlo nal
state selection. Whereas in Ref. [63] the high energy photon yield has been tentatively
attributed to very high momentum components in the initial phase-space distribution {
which semiclassically are not bound { our present results indicate that this yield might
be almost entirely explained (without introducing any additional assumptions) by the o-
shell transport approach. It is presently unclear, if the missing high energy photon yield
should be attributed to three-body reaction channels [64, 65, 66] or to the contribution
of the  ! γN channel [67].
The question now arises if the kaon yield from Ref. [57] for Ar + Ta at 92 A MeV
might also be due to o-shell hadronic states in the nal channel. We thus have performed





0 since the KN cross section is rather small [68]. The parametrisations for the elementary
reactions NN ! NK and N ! K have been adopted from Refs. [68, 69] where K; K
production has been systematically investigated for nucleus-nucleus reactions in the SIS
energy regime. In view of Fig. 10 the small enhancement of energetic collisions for o-shell
nucleons in the entrance channel does not have a large eect on the kaon production cross
section as in case of energetic photons (cf. Fig. 10), but the reduction of the threshold
due to the virtuality in mass of the nal nucleon and  hyperon should have (cf. Fig.
10). Unfortunately, within the statistics achieved in our calculations we did not nd any
K production event such that we presently cannot provide a solid answer.
In order to obtain some upper estimate we parametrize the collisional distribution
dNpn=d
p










with some slope parameter E0 and x the normalization constant as well as E0 by the γ
spectra from the TAPS collaboration. The result of this model study is shown in Fig. 11
where the computed photon spectra for E0 = 33 MeV (dashed line) and E0 = 35 MeV
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(solid line) are shown in comparison to the data [56]. We note that within this model the
photon spectra remain roughly exponential up to 700 MeV photon energy, which would
have to be proven by experiment explicitly.
Now replacing the elementary dierential photon cross section dpn!pnγ(
p
s)=d! by
the elementary kaon production cross section dNN!KΛN(
p
s) [68] and correcting for
isospin we obtain an inclusive kaon production cross section K  1:6  10−11b for E0 = 33
MeV and  6  10−11b for Ar + Ta at 92 A MeV, which is about two orders of magnitude
smaller than the cross section from Ref. [57]. Moreover, a note of caution has to be
added here: In view of the analysis in Refs. [15, 70, 68, 69, 71, 72] the kaon potential in
the nuclear medium is most likely repulsive and the  potential only 2/3 of the nucleon
potential. This shift in production threshold to higher
p
s due to the real part of the
hadron self-energies makes kaon production even more unlikely. We thus do not expect
to describe the kaon cross section from Ref. [57] in our o-shell approach even when
increasing the statistics by some orders of magnitude.
5 Summary
In this work we have derived and developed a semiclassical transport approach that in
rst order in the gradient expansion describes the virtual propagation of particles in the
invariant mass squared M2 besides the conventional propagation in the mean-eld poten-
tial given by the real part of the self-energy. The derivation has been based on the familiar
Kadano-Baym equations [16] and on the formulation of Henning [20] by exploiting the
relations between the dierent Green functions and the relations between their real and
imaginary parts. Whereas in conventional transport approaches the imaginary part of
the self-energy is reformulated in terms of a collision integral and simulated by on-shell
binary collisions, we additionally account for the o-shell propagation of particles due to
the imaginary part of the self-energy in eqs. (54) - (56). We note that in our formulation
the single-particle energy P0 is xed by eq. (45) and that the propagation is determined
by dP0=dt = 0 in the collisionless limit. On the other hand, the local collision rate ΓX is
determined by the collision integrals themselves and can be used in transport approaches
without introducing any new assumptions or parameters. In our present approach we
have restricted to momentum-independent imaginary self-energies; an extension to the
general case is straight-forward according to Section 2, however, numerically much more
involved.
As a rst application we have studied the dynamical evolution of particles in a xed
complex potential { having some similarities to hadron-nucleus collisions without explicit
collisions { and demonstrated the o-mass-shell propagation in a transparent way for a
variety of model cases. As also shown numerically, the energy conservation strictly holds.
Furthermore, a distribution of o-shell particles regains its vacuum spectral function when
moving out of the complex scattering centre; particles with vanishing (or very small) width
18
become asymptotically on-shell again as required by the quantum mechanical boundary
conditions while in the absorptive medium the spectral function reproduces the correct
width in line with quantum mechanics (cf. Fig. 5).
We have, furthermore, presented the rst dynamical calculations of the novel transport
theory for nucleus-nucleus collisions at GANIL energies where we can test its results in
comparison to experimental data. We nd that the o-shell propagation of nucleons
practically does not change the rapidity distributions dN=dy and only has a moderate
eect on the high transverse momentum spectra of protons. The latter we found to be
fully compatible with the data from Ref. [55] for Ar + Ta at 92 A MeV contrary to
the Boltzmann-Langevin (BL) calculations in Ref. [62]. The distribution of nucleon-
nucleon collisions in the invariant energy
p
s is found to be also slightly enhanced for high
invariant energies (as well as below the 2 nucleon threshold), which has some eect on
the production of high energy γ-rays. Here we controlled our calculations by the photon
data from the TAPS collaboration for Ar+Au at 95 A MeV [56] that could be reasonably
described in the o-shell limit when including especially the nucleon spectral functions
in the exit channel p + n + γ. We have argued that this might be a rst experimental
indication for the o-shell propagation of nucleons that has to occur due to quantum
mechanics. Our attempt to calculate the kaon cross section for Ar +Ta at 92 A MeV [57]
within the same line failed due to the limited statistics. However, when extrapolating the
collisional
p
s distribution by an exponentail tail (70) and xing the slope parameter by
the photon data from the TAPS collaboration [56] our upper limit for this cross section
is roughly two orders of magnitude below the experimental value, which implies that the
data point [57] remains ununderstood theoretically furtheron.
The actual applications of the present o-shell transport approach are not limited to
nuclear physics problems, but should be of relevance for any system including particles
of nite life time and/or high collision rates. The more practical point is now to set up
new numerical recipies to increase statistics and also to include the explicit momentum
dependence stemming from the imaginary part of the particle self-energy.
The authors like to acknowledge stimulating discussions with C. Greiner and S. Le-
upold throughout this study. Furthermore, they like to thank R. Holzmann for providing
the data from Ref. [56] in electronic form and for valuable explanations of the TAPS
experiment.
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complex potentialV0 = 0 MeV
W0 = 70 MeV
ΓV = 0.8 MeV
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Figure 1: upper part: Pi0, Mi and Piz as a function of z(t) for a purely imaginary potential
W0(t) = W0 = 70 MeV (lower part). The vacuum width is ΓV = 0:8 MeV and the initial
seperation in mass of the testparticles is given by M = 0:05  ΓV .
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V0 = -20 MeV
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Figure 2: upper part: Pi0, Mi and Piz as a function of z(t) for a complex potential with
V0 = −20 MeV, W0(t) = W0 = 70 MeV (lower part). For the vacuum width and the
initial mass seperation we have used the same values as in Fig. 1.
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complex potentialV0 = - 20 MeV
W0 = 100 MeV
ΓV = 0.8 MeV
R = 5 fm
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Figure 3: upper part: Pi0, Mi and Piz as a function of z(t) for an explicitly time-dependent
imaginary part of the potential W0(t) = 100 MeV (1−0:02 c=fmt). The real part is taken
as in Fig. 2 (lower part). For the vacuum width and the initial mass seperation we have
used the same values as in Fig. 1.
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complex potentialV0 = - 20 MeV
W0 = 100 MeV
ΓV = 160 MeV
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Figure 4: upper part: Pi0, Mi and Piz as a function of z(t) for a broad vacuum spectral
function in a time-independent potential V0 = −20 MeV, W0(t) = W0 = 100 MeV (lower
part). We have chosen a vacuum width ΓV = 160 MeV and an initial mass seperation of
M = 0:05  ΓV for the testparticle trajectories displayed.
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Figure 5: The spectral distribution at dierent coordinates z from the testparticle dis-
tribution in comparison to the analytical result (solid lines) for V0 = 0, W0 = 50 MeV
and ΓV = 2 MeV. The analytical result is practically identical to the histograms from the
testparticle distribution and thus hardly visible.
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Figure 6: The o-shell propagation in mass (M2i (t) − M20 ) as a function of time for 16
randomly chosen testparticles. The system is Ar+Ta at 92 A MeV and impact parameter
b = 1 fm.
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Figure 7: The transverse momentum spectra of protons for Ar + Ta at 92 A MeV and
impact parameter b = 1 fm. The dashed histogram is the result from the on-shell propaga-
tion while the solid histogram is obtained including the o-shell propagation of nucleons.
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Figure 8: The inclusive kinetic energy spectra of protons for Ar + Ta at 92 A MeV
including the o-shell propagation in the transport approach (open squares) for 700 
lab  800 in comparison to the experimental data from [55] (full circles).
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Figure 9: The number of baryon-baryon (BB) collisions as a function of the invariant
energy
p
s for Ar + Ta at 92 A MeV integrated over all impact parameter. The solid line
is obtained from including the o-shell propagation in the transport approach while the
dashed line stands for the result in the on-shell limit.
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Figure 10: The inclusive dierential photon spectra for Ar + Au at 95 A MeV within
various limits in comparison to the data from Ref. [56]. The dashed line is obtained in
the on-shell propagation limit including on-shell nucleons in the nal state, too. The dash-
dotted line results from the o-shell propagation, however, including on-shell nucleons in
the nal production channel. The solid line results from the o-shell propagation of
nucleons including also o-shell nucleons in the nal channel.
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Figure 11: The inclusive dierential photon spectra for Ar + Au at 95 A MeV using the
exponential
p
s distribution (70) for E0 = 33 MeV (dashed line) and E0 = 35 MeV (solid
line) in comparison to the data from Ref. [56].
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